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Abstract Metamaterial research is an extremely important
global activity that promises to change our lives in many dif-
ferent ways. These include making objects invisible and the
dramatic impact of metamaterials upon the energy and medical
sectors of society. Behind all of the applications, however, lies
the business of creating metamaterials that are not going to be
crippled by the kind of loss that is naturally heralded by use of
resonant responses in their construction. This review sets out
some solutions to the management of loss and gain, coupled to
controlled and nonlinear behavior, and discusses some critical
consequences concerning stability. Under the general heading
of active and tunable metamaterials, an international spectrum
of authors collaborates here to present a set of solutions that
addresses these issues in several directions. As will be appreci-
ated, the range of possible solutions is really fascinating, and it
is hoped that these discussions will act as a further stimulus to
the field.
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1. Introduction

As pointed out in 1970, in the seminal book by Scott [1] on
active and nonlinear wave propagation in electronics, there
was, by that time, research stretching back to the 1950s on
devices such as traveling-wave tubes and backward-wave
oscillators [2]. The latter, involving electrons travelling in
the opposite direction to the electromagnetic energy. This
means that the appearance of backward waves in isotropic
metamaterials is not so surprising. Nevertheless, the latter,
because of this property, can sustain, the kind of negative
refraction, which surprised everybody and generated a mas-
sive global excitement in the last decade [3,4]. All of the
early electronic devices involved active and, possibly, non-
linear processes [1], with the word active meaning that some
extrinsic, or intrinsic, action is being added to an original
passive design. The actions can include an intrinsic energy
source that creates amplification to combat loss, or an in-
terrogation of the device with an external source of energy,
such as a laser beam [1]. In addition, many forms of control
can be accessed by putting the device under an externally

applied influence, such as a constant magnetic field [5],
or by incorporating into the device a feature that permits
significant control over its resonant behavior [6,7].
Metamaterials derive their behavior from combinations
of effective permittivity and effective permeability that arise
as a consequence of averaging over the behavior of a set of
metaparticles. These metaparticles could be nanoparticles,
or wires and resonators, and the latter can possess a wide
variety of formats, ranging from split-ring assemblies to
being shaped like an S, or even the Greek letter omega [8].
They can also be nanowire pairs [9]. If no action is taken, or
nothing else is added to these kinds of metaparticle then the
resultant metamaterial remains in a passive state. A major
consequence of this would be to suffer significant loss in
the resonance-frequency window, which is precisely where
many device operations are optimized. This situation could
be ameliorated by moving the loss and gain windows rela-
tive to each other [10]. The more general point, however, is
that it is necessary to adopt an active design that involves
an intervention to the passive design that will enable a lot
of practical applications to appear on the horizon of possi-
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bilities. These include, “perfect lenses” [3], delay lines [11],
filters, antennae substrates [12], nonlinear guided wave ap-
plications [13, 14] and circuit models [15]. The fact that
overcoming loss is a most important contemporary question
is now well understood but the solution of this problem will
also lead to the brilliant possibility that a metamaterial will
also be able to amplify electromagnetic waves [16—18].

The present article brings together some views on “ac-
tive metamaterials” in which either some sources of energy
may be introduced solely for wave gain [17, 19] and loss
compensation, or the possibility of active control is eluci-
dated. Such control could be exercised by embedding into a
metaparticle, a tunable electronic component [6,7].

Referring back to the extensive literature on plasma
physics, geophysics, astrophysics, solid-state physics, and
microwave engineering, reveals that active media have been
rigorously investigated in the past [20-22]. In recent times,
for metamaterials, it has been suggested that gain can be
added to a system by means of parametric optical amplifica-
tion [19], loading metaparticles with active devices such
as diodes [18, 23], doping metamaterials with quantum
dots [24], or adding dyes for amplification of plasmonic be-
havior [25]. Approaches to amplification of electromagnetic
waves in metamaterials and their stability consequences will
be introduced below in some detail.

In this context, the classical nonlinear optical paramet-
ric amplification [26] approach can be elegantly modified
to embrace negative phase metamaterials (a name given to
so-called double-negative metamaterials, for which both
the relative permittivity and relative permeability are nega-
tive). In particular, if an electromagnetic wave can access
a second-order nonlinearity of a metamaterial, then it is
possible to satisfy the corresponding specific synchronism
conditions [27] in a novel way. Indeed, a three-wave para-
metric coupling takes place that can be organized to produce
amplification in the visible optical range.

The latter range also embraces plasmonic metamateri-
als [28-31] that are being widely investigated now, such as
those based on pairs of coupled nanowires, periodic arrays
consisting of stacked metallic nanorods, arrays of metal
nanopillar pairs, and two-dimensional arrays of metallic
cylinders [32]. Plasmon resonance is a very important fac-
tor in the functioning of metamaterial nanocomposites [33].
Indeed, surface plasmon—polariton properties can provide
typical metamaterial functionality in subwavelength focus-
ing [32] and can be applied to the creation of circuit el-
ements at optical frequencies [34], or used for integrated
optical metamaterial waveguides and for many other meta-
material applications. Because of this relevance, amplifica-
tion of surface plasmon polaritons using embedded dyes, in
particular, is also presented in this review.

It is of fundamental practical importance to determine
whether waves in the bulk, in waveguide structures, and
metaparticle arrays in active systems are stable, or unstable,
in either linear and nonlinear systems. This may seem an
obvious question to pose but it is seldom addressed and yet
once a system becomes active it is necessary to do so. If
the system is linear, the principle of superposition is valid
and any instability (either absolute, or convective [35-37])

can be investigated using a form of Fourier analysis. Then,
simply speaking, the question is, whether amplification, or
generation, can take place in an active system, so that spatial
amplification is a possible outcome, for example. If so, it is
necessary to avoid absolute instability, and wave generation.
Also, a perturbation growing in the system, in the linear
stage of instability, with maximum increment (time rate),
can become a seeding factor for further development of
nonlinear perturbations [38,39]. Moreover, linear decay of
interesting entities like solitons can be partially overcome, or
their amplitude can be even increased, in definite frequency
ranges due to linear gain in an active nonlinear system.
Therefore, linear instability is related strongly to the nonlin-
earity that the system may sustain. This is an important point
if the observation time, or system length, is large enough to
allow nonlinearity to develop. Concerning the linear regime,
the concept of absolute and convective instabilities and spa-
tial gain [35-37], will be considered here for metamaterials,
based on metaparticles with embedded active components
(diodes). For the nonlinear regimes, attention will be re-
stricted here to a demonstration of the possibility of gain
(spatial amplification). More general methods, involving a
search for stability in active nonlinear systems [1,40,41]
will be discussed in later publications.

In addition to the work described above, the principle
of amplification, connected to superheterodyne amplifica-
tion in a layered metamaterial-semiconductor—-metamaterial
structure, will also be introduced. The basis of this method
is an effective transfer of amplification from low-frequency
(space charge) waves [42,43], in a semiconductor with a
negative differential conductivity, to a high-frequency in-
frared wave. The essential point is that the process exploits
any intrinsic negative-phase behavior of a material. Even
though the corresponding wave interactions are nonlinear,
and high-frequency pumping is necessary, the nonlinearities
are confined entirely to the semiconductor, and therefore the
metamaterials constituents can be linear. This method can
be used over broad frequency ranges and needs only moder-
ate, or even, relatively, low pumping power. Following this
topic, the article continues with the possibility of controlling
the characteristics of metamaterials with active/nonlinear
electronic devices [6,23,44] embedded in the metaparticles.

The discussion will now continue with a more detailed
investigation of how the familiar nonlinear optics topic,
called optical parametric amplification (OPA) can be ex-
ploited to enhance metamaterial viability.

2. Loss control through sources of gain or
optical parametric amplification

The desire to create metamaterial applications that are free
of debilitating loss has been outlined in the introduction
and the optical frequency window is especially attractive for
applications, has led to the development of photonic meta-
materials that often take a route based upon metal—dielectric
engineered structures [45], and losses in such structures
must be expected and must be expected to have various
origins, some of which are still not completely quantified.
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Some known sources of loss in photonic metamaterials,
however, stem from surface roughness, quantum size and
chemical interface effects, the resonant nature of their mag-
netic response, or relate to the fundamental loss properties
of their constitutive components—metals [46]. Therefore,
various approaches to the realization of low-loss metamateri-
als have been taken, including advancements in fabrication
techniques [47], development of novel metamaterials de-
signs [48], and the incorporation of gain material in the
metamaterials structures [49]. The use of optical amplifi-
cation [19,27,49] is a fascinating possibility, however, so
the principles underpinning this will now be elucidated.
Although the emphasis here is upon metamaterials, it is
encouraging to learn that loss reduction using optical am-
plification has a long history in photonics, especially in
the context of optical telecommunications. The latter uses
rare-earth-doped gain media, semiconductor materials, or
accesses nonlinear effects such as stimulated Raman and
Brillouin scattering, four-wave mixing and optical paramet-
ric amplification [50].

In the context of metamaterials, before a nonlinear op-
tical parametric amplification approach is developed here,
it should be pointed out that among the first conceptual
approaches to managing losses in metamaterials is the use
of a stack of alternating negative and positive index lay-
ers [51,52]. The use of such a stack considerably reduces
the loss experienced by an electromagnetic wave, compared
to what it would encounter in a bulk negative-phase medium
(NIM). Naturally, improved outcomes soon emerged. For
example, using positive index gain materials as layers by
deploying optically pumped semiconductors [53]. A very
recent achievement [54] uses a fishnet structure that incor-
porates gain material into high local field areas and the
outcome is extremely low loss.

Before the fishnet work a paradigm early example of
manipulating gain [55] deployed double silver strips actually
embedded into a gain medium, as sketched in Fig. 1a. After
exposing this structure to a plane wave with a wavelength
of 584 nm, the transmission and reflection results shown in
Fig. 1b clearly emerge as functions of gain.

In this kind of work, the gain is linearly sourced from
dye molecules (e.g., Rhodamine 6G) or semiconductor
quantum dots (e. g., CdSe) applied to the top of the negative-
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Figure 1
index structure made from double silver strips immersed into a
gain medium, (b) The transmission and reflection outcomes as
functions of gain. Adapted from [55].

(online color at: www.lpr-journal.org) (a) Negative-

phase medium (NIM). Alternatively, replacing the dielectric
Al,O3 with gain material significantly reduces the required
gain because of the enhanced local fields in that area.

The approaches just highlighted can be replaced by opti-
cal parametric amplification (OPA) that is enabled by special
“backward” phase-matching conditions [19,27,49]. “Back-
ward” phase matching results from one of the most funda-
mental properties of NIMs, namely antiparallel wave and
Poynting vectors, i. e. phase and group velocities.

An examination of the effective permittivity and effec-
tive permeability of an isotropic metamaterial shows that
it may possess NIM properties in some frequency range
and positive-index material (PIM) properties at other fre-
quencies. This leads to the basic idea of loss compensation
by exploiting electromagnetic waves with the frequencies
outside the negative-index frequency range to provide loss-
balancing OPA at frequencies inside the negative index of
refraction range. One possibility is to rely upon second-order
(x'?)) nonlinearity of the NIM [19,27]. Another possibil-
ity can be based upon a four-wave interaction process in a
medium that displays pasd (cubic)-nonlinearity, e. g., embed-
ded four-level centers, that can be controlled independently
from the NIM parameters. This enables the realization of
frequency-tunable transparency windows in NIMs [49].

In the example shown here, a strong pump field is al-
lowed to propagate in the positive-index frequency window
at a frequency @3, while a weak signal is allowed to propa-
gate in the negative-index regime at a frequency ;. This ac-
tion generates an idler wave with a frequency w, = @3 — o
that is also located in the positive-index region. The idler
feeds back to the input signal through the three-wave mix-
ing process, @ = @3 — w,, and produces optical parametric
amplification through a coherent energy transfer from the
pump field to the signal. This is backward phase-matched
as shown in Fig. 2a. Fig. 2b shows extraordinary resonant
behavior of the signal transmission as a function of intensity
of the pump field g and the NIM slab thickness L, indicat-
ing that the amplification can entirely compensate for the
absorption and, remarkably, and even turn into oscillations
without the need for a cavity. These oscillations result from
the effective distributed feedback enabled by the backward-
wave nature of the system that essentially has phase and
group velocities, oppositely directed. Hence, each spatial
point serves as a source for a generated wave travelling in
the reflected direction, whereas the phase velocities of all the
interacting waves are actually moving in the same direction.

It is interesting that the resonances shown in Fig. 2b are
rather narrow. This implies the sample remains opaque if
any deviation from the specific parameters (pump intensities
and slab thicknesses) occurs that is associated with those res-
onances. However, a remarkable regime of the OPA in NIMs
has been discovered [56] suggesting that the transmission
of an NIM slab at a signal frequency @; can be transformed,
increased to nearly 100% and even turned into amplification
within a broad range of intensities of the pump fields and
the slab thicknesses. This is achieved by adjusting the level
of absorption at the idler frequency @,, as shown in Fig. 2c.
Surprisingly, the absorption coefficient o at the idler fre-
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Figure 2 (online color at: www.lpr-journal.org) (a) A schematic
of the optical parametric amplification (OPA) for a slab of negative-
index material (NIM) of thickness L, w;: input signal, w;: idler,
3: pump. (b) Signal transmission for oy L =1, oL = 0.5, where
Na is the amplification factor (solid line) and g is the conversion
factor for the idler wave (dashed line). (c) Signal transmission
oL =2.3, oL =4. Adapted from [27,55].

quency @, has to be increased so that op > oy, where o is
the absorption coefficient at the signal frequency ;.

Promising approaches, such as those discussed above,
continue to be pursued and within the broad field of discus-
sions about gain, it is recognized that plasmonic properties
of metamaterials need to be thoroughly addressed. This
quest is the underpinning basis of the next section.

3. Gain of surface plasmon polariton waves

The construction of metaparticles using wires and split rings,
for example, means that the properties of many metamateri-
als critically depend upon surface plasmons, especially as
the optical frequency window is approached. The latter are
oscillations of free electrons localized at a metallic surface,
and have a plasma frequency associated with the size and,
mainly, the shape of the particle [57-59]. Electromagnetic
surface modes with a photon—plasmon content are called
surface plasmon—polaritons. Such a surface electromagnetic
wave can propagate along the interface between two me-
dia possessing permittivities with opposite signs, such as
metals and dielectrics [60, 61]. An investigation of those
kinds of waves is relevant because such resonant plasma
oscillations determine the properties of many metamaterials
and metamaterial-based devices.

Most of the existing and potential future applications
of nanoplasmonics suffer from damping caused by metal

absorption, however. Hence, once again, significant com-
pensation of surface plasmon—polariton loss through the
introduction of gain and the creation of stimulated emission
of surface plasmon—polaritons (SPP) needs to be addressed.
Before this is done it is fascinating to note that [62] a local-
ized surface plasmon resonance in a metallic nanosphere
can exhibit a singularity, when the interfacing dielectric has
a critical value of optical gain. Indeed, this phenomenon is
relevant to the theoretically proposed SPASER that gener-
ates stimulated emission of surface plasmons to resonating
a metallic nanostructure adjacent to a gain medium [63].

It is possible to compensate loss in metal with gain
by using a mixture of silver nanoparticles and rhodamine
6G dye. The quality factor of surface plasmon resonance in-
creases, as witnessed by a six-fold enhancement of Rayleigh
scattering [25, 64]. In the next few sections, because of the
importance of being able to control plasmonic phenomena
associated with metamaterials, the central discussions will
be about how to devise means of controlling losses. It is
well known [61] that surface modes can be readily produced
in the laboratory by attenuating the total reflection within a
prism arrangement. This is called the method of attenuated
total reflection (ATR) and will be discussed later. First, how-
ever, some details of how to conquer surface plasmon loss
will be given.

3.1. Conquering surface plasmon loss in a Ag
aggregate by optical gain sourced from a
dielectric medium

A fractal aggregate of silver nanoparticles can be treated, in
the first approximation, as a collection of spheroids, with
different aspect ratios, formed by nanoparticle chains of
different lengths [65]. Also, the gain ~10° cm™! needed
to compensate the surface plasmon loss is within the limits
of semiconducting polymers [66], highly concentrated laser
dyes [62], or quantum dots.

A study of Rayleigh scattering in the mixtures of R6G
dye (Rhodamine 590 Chloride) and fractal aggregates of Ag
nanoparticles [25] has been used. The absorption spectrum
of the Ag aggregate has one structureless band covering the
whole visible range and extending to the near-infrared. The
major feature in the absorption (emission) spectrum of R6G
is a band peaking at ~ 528 nm.

In the reported pump-probe Rayleigh scattering experi-
ments, R6G-Ag aggregate mixtures have been pumped with
a frequency-doubled Q-switched Nd:YAG laser (Apump =
532 nm, fpump & 10ns).

In order to achieve the results in Fig. 3, a fraction of
the pumping beam was split off and used to pump a simple
laser consisting of the cuvette with R6G dye placed between
two mirrors, Fig. 3 (upper inset). Its emission wavelength
(~ 558 nm) corresponded to the maximum of the gain of
R6G dye in the mixtures studied. The beam of the R6G
laser, which was used as a probe in the Rayleigh scattering
experiment, was collinearly aligned with the pumping beam
and sent to the sample through a small (0.5 mm) pinhole.
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The scattered probe light was seen in the spectrum as a
relatively narrow (~ 5 nm) line on the top of a much broader
spontaneous emission band (Fig. 3 lower inset) and could
be easily separated from the spontaneous emission. The
six-fold increase of the Rayleigh scattering observed in the
dye-Ag aggregate mixture with the increase of the pumping
energy (Fig. 3, squares) is the clear experimental demonstra-
tion of the compensation of loss in metal and enhancement
of the quality factor of surface plasmon resonance by opti-
cal gain in a surrounding dielectric. This is an appropriate
point to introduce a measurement system for control by gain
or loss through the method called ATR, which was briefly
referred to above.

3.2. Compensation of loss in propagating
surface plasmon—polaritons by optical gain

The famous attenuated total internal reflection (ATR) sys-
tem [61] has the typical experimental arrangement shown
in Fig. 4. The pumping permits the introduction of gain, and
because it is an ATR device, it deploys a glass prism that
has a dielectric permittivity & = n%, a metallic film with the
complex dielectric constant €, (medium 1) and thickness d;.
The usual ATR system is extended, here, with the addition
of a gain medium dielectric layer characterized by the com-
plex relative permittivity & = Eé + ieg (medium 2), made
active by pumping in the manner shown in Fig. 4.

A surface plasmon—polariton created at the boundary
between medium 1 and 2 has a wave vector [60,61]

p_@ [&ae
oo Ve+e’

ey

where o is the oscillation frequency and c is the speed of
light. A surface plasmon—polariton is excited by p-polarized
light incident through the prism upon the metallic film at
an angle 6y, greater than the critical angle for total internal
reflection. The projection of its wave vector onto the x-
axis is

kx(e) = ((D/L‘)nosine(). )

This is a resonant condition, and the energy of the inci-
dent probe beam is transferred to the surface plasmon—
polariton. This creates a minimum in the reflectance
R(6) [60,61], where

ra'] ri2 €Xp (Zikzldl )

R(0) = : 3
( ) ‘ 14+roir12 exp (Zlkzldl) 3)
where ry = (kziek - kaSi)/(kziSk + ksz,') and
0\?2 .
kZi::t\/si (?) _kx(e)za 1207172' 4

The quantity k,c/® defines the field distribution along the
z-direction. Its real part can be associated with a tilt of phase
fronts of the propagating waves [67], while its imaginary
part defines the wave attenuation, or growth.

The angular reflectance profile R(60), Eq. (3), features a
nearly Lorentzian “dip”, for which the width is determined
by the sum of internal (absorption), ¥;, and radiative, ¥,
losses [25,60]. In thick metallic films (where % > ¥, in the
absence of gain) the “dip” in the reflectance profile becomes
deeper when gain is first added to the system, reaching
its minimal value R, = 0 at ¥; = 7, [25]. With a further
increase of the gain, 7; becomes smaller than 7,, leading
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Figure 4 (online color at: www.lpr-journal.org) System to generate surface plasmon—polaritons. The figure shows the use of a

hemispherical prism and surface waves are generated when the incident p-polarized probe beam exceeds the critical angle. The gain is
introduced through an external electromagnetic beam that pumps the lower dielectric. Also shown, for different film thicknesses, is the
dependence of the minimum (maximum) reflectance of the dip (peak) of the reflectance profile R(8) versus 8; The system parameters
are g =nj = 1.784> =3.183, &) =0, €] = —15, &/ = 0.85,d; =39nm, &} =n} = 1.52 =2.25.

to an increase of Ry,. This is the starting point for thin
metallic films in which ¥ < % at &) = 0 and the resonant
value of R monotonically grows with the increase of gain.

The resonant value of R is equal to unity when internal
loss is completely compensated by gain (y; = 0) at &

Mo 12
— 82 18’22
7% becomes negative and the dip in the reflectance profile
changes to a peak. The peak has a singularity when the
gain compensates fotal SPP loss (y; + 7 = 0), as seen in the
upper right inset of Fig.4a. Beyond the singularity point,
the system becomes unstable [68].

The minimum, or maximum, values of R(6) are plot-

ted versus eg for different thickness of the metallic film in
Fig.4a, and the corresponding values of the full width at
half-maximum (FWHM) of a dip or a peak are depicted
in Fig. 4b.

In Fig.4, a glass prism is used with a refraction in-
dex ny = 1.784. Metallic films are created by evaporat-
ing pure silver. The gain material is rhodamine 6G dye
(R6G) and polymethyl methacrylate (PMMA), dissolved in
dichloromethane and deposited onto the surface of the silver
and dried to form a film. The concentration of dye is 10 g/l
(2.1 x 1072 M) and the thickness of the polymer film is of
the order of 10 um.

The R6G/PMMA film is pumped in the manner shown
in Fig. 4, with Q-switched pulses of a frequency-doubled
Nd:YAG laser.

The results of the reflectance measurements for a 39-
nm silver film are summarized in Fig. 5. Two sets of data
points correspond to the reflectance without pumping (mea-
sured in flat parts of the kinetics before the laser pulse)
and with pumping. By dividing the values of R measured
in the presence of gain by those without gain, the relative

[25]. When gain is increased to even higher values,

Angle (©)

Figure 5 (online color at: www.lpr-journal.org) Reflectance R(6)
measured without (diamonds) and with (circles) optical pumping
in the glass-silver-R6G/PMMA structure. Dashed lines — guides
for the eye. Solid lines — fitting with Eq. (3) at s(’) = n% =1.784% =
3.183,¢) =0,¢] =—15,¢] =0.85,d; =39nm, &y =n3 = 1.5% =
2.25, &} ~ 0 (blue) and &) ~ —0.006 (red). Inset: Reflectance
R(0) recorded in the same system without pumping (dots) and its
fitting with Eq. (3) (solid line).

enhancement of the reflectance signal is calculated to be as
high as 280% — a significant improvement in comparison
to [69], where the change of the reflectance in the pres-
ence of gain did not exceed 0.001%. Fitting both reflectance
curves with Eq. (3) and known en; = —15, €i; = 0.85 and
€ = n3 = 2.25, yields &5 ~ —0.006. This corresponds to
the optical gain of 420cm~! (at A = 594 nm) and ~ 35%
reduction in internal SPP loss.
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There is a possibility of stimulated emission of surface
plasmon—polaritons using R6G/PMMA films that are the
order of 39 nm—81 nm in thickness, which allows stronger
pumping of dye molecules in a layer adjacent to the silver
surface. Optically pumped dye molecules in the vicinity of
the silver film partly emit to the surface plasmon—polariton
modes. The SPPs excited by luminescent molecules (re-
ported earlier in [70,71]) get decoupled from the prism at
the angles corresponding to the SPPs” wave numbers.

The character of SPP emission excited via optically
pumped dye molecules changes dramatically at high pump-
ing intensity, i. e. the emission spectra is considerably nar-
rower in comparison to those at low pumping, the narrowed
emission spectra became almost independent of the obser-
vation angle, the dependence of the emission intensity is
strongly nonlinear with a distinct threshold and, finally, the
value of the threshold depends upon the observation angle 6.

Although nonlinear dependence of the SPP intensity on
the pumping intensity and the narrowing of the emission
spectrum are expected even below threshold, a good agree-
ment between the theoretical and the experimental results
serves as strong evidence that the observed emission is due
to stimulated emission of SPPs in a regime when the total
gain in the system exceeds the total loss.

Photonic metamaterials rapidly go into a plasmonic
metamaterial regime but, as shown here, absorption in metal,
which causes damping of localized surface plasmons and
propagating surface plasmon polaritons, can be conquered
by optical gain in the form of a dielectric medium adja-
cent to a metallic surface, or nanostructure. These results
are exciting and pave the way to numerous applications of
nanoplasmonics and metamaterials.

The previous sections have discussed the addition of
gain, mainly in linear regimes, but the question of stability
has not been addressed up to this point. The next section
takes up this issue, basing its approach on well-established
plasma-physics outcomes.

4. Linear gain and instabilities

In this section the concepts surrounding linear active me-
dia, constructed as metamaterials will be considered. To
begin with, it should be emphasized that the metaparticles
for which a metamaterial is the averaged entity become
active, when loaded with certain devices, such as diodes
and transistors. This procedure should lead to linear am-
plification/compensation of losses [17, 18,72, 73]. Stabil-
ity [35-37,74,75] may, then, be an issue, however, and for
active media it must always be searched for. If the amplitude
of a wave becomes large enough, for example, the active
devices, embedded into the metaparticles, enter into the
regime of saturation, or some sort of nonlinear instability
will develop. In addition to investigating the regimes with
linear spatial amplification, it is also necessary to work out
how to suppress the generation of absolute instability.

4.1. Convective and absolute instabilities and
requirements for spatial amplification conditions

As is well known from communication systems, such as
ordinary radio/TV transmission systems, or radar systems,
there are two main devices transforming the energy of an ap-
plied external electric field into electromagnetic oscillations,
or waves. these are generators and amplifiers. Two types of
instabilities may emerge, called absolute and convective, re-
spectively, and correspond to two linear regimes: generation
and amplification. In the absolute case, the field grows with
time at any point in space, while in the convective case, the
pulse/beam amplitude increases in space along the direction
of propagation, as sketched in Fig. 6. These two types of
instabilities can be associated with complex frequency, or
wave number, respectively. To get spatial amplification, a
system should possess a convective instability.

* Absolute:  Complex frequency w'+iw"

» Convective: Complex wave number k' + jk"
ABSOLUTE CONVECTIVE
Amplitude Amplitude

increasing
increasing
b

GENERATION SPATIAL GAIN

Figure 6 (online color at: www.lpr-journal.org) Interpretation of
the absolute and convective instabilities using complex frequency
(o' +iw") and wave number (k' 4 ik"), respectively.

Avoidance of the absolute instability regime has been
enunciated very clearly for small wave numbers, but the
stability behavior at large wave numbers has only approxi-
mately been discussed in [17]. This outcome has its origin
in a perceived problem connected with large wave number
behavior, because the effective wavelength begins to assume
a size that is the order of the metamaterial unit-cell dimen-
sion. In this review, this difficulty is overcome by engaging
in transmission-line modeling [76]. This is in line with the
fact that a concept of “analogous nanoparticle transmission
lines” is becoming important now at optical frequencies [34].
The analysis of electromagnetic waves going through an
unbounded, lossy, or amplifying, metamaterial leads nat-
urally to a dispersion equation. How gain is created will
not be discussed, at this stage of the argument, but placing
Gunn, tunnel, or some other type of diode [75,77-79] across
the gap in the split-ring-resonator component of a typical
metamaterial, for example, may be enough to achieve this
property. The diodes must be biased to force them to have a
negative resistance response, as shown in Fig. 7.

The behavior of a loss/gain system is quantified, in gen-
eral, by a complex frequency o related to a complex wave
number k = (0,0,k). Some mapping of @ onto the complex
k-plane is required in order to work out what stability limits
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| Region of negative
differential conductivity i .
Figure 7 (online color at:

www.lpr-journal.org) Exam-

ple of current-voltage char-

acteristic with negative dif-

ferential conductivity in the

case of tunnel diodes [75,
>y 80l

a material may possess, so that some basic rules concerning
absolute instability can be identified [35-37,74,75]. The
definition of k given here, implies propagation along the
z-axis and this wave vector component can be defined as
the complex number k = k' +ik”. The complex frequency
will be defined as @ = @' +i®”. A typical wave, for the
example being developed here, has the form el(@ k) \where
t represents time. A typical set of mappings involving com-
plex k and complex @ are shown in Fig. 8. The technique is
to locate the roots of the dispersion equation on the complex
k-plane, and then choose the real part of the frequency, and
look at the paths traced out by the roots on the complex
k-plane as the imaginary part of the frequency is varied. For
the existence of absolute instability, a saddle point must ex-
ist, and a double root is reached for which @” < 0. Indeed,
the roots of the dispersion equation approach the saddle
point from different halves of the complex k-plane. In fact,
writing k4 for z > 0 behavior, and k_ for z < 0 behavior
means that ky = k_ reveals the existence of a resonance im-
plying a divergent growth without the necessity of a source.

Figure 8 shows what could happen to the complex & root
locations as the upper and lower halves of the complex wave
number plane is traversed. Specific details of the system
are not given because they are not required at this stage.
As ? is varied, two roots approach each other [35] and
a saddle point forms in the complex (K',k"”) plane. The
argument up to now involves a single plane wave but, in
a real situation, a wave packet would be entered into a
metamaterial. A plane wave is just a constituent of such a
packet and will yield information on whether the packet will
spread out, or not. A wave packet may grow everywhere in

K,

S

Figure 8 (online color at: www.lpr-journal.org) An example of
outcomes of the mapping of the complex @w-plane, where @ =
o' +iw", onto the complex k-plane, where k = k' +ik”. A saddle-
point is designated by the cross. The are the starting points of the
contours.

space and this can be caused by noise, or some other form of
perturbation. If this happens then absolute instability is said
to be created. It could be the case that the packet is being
swept through the metamaterial very rapidly so that, at each
point, the perturbation simply dies away at large times. This
is more like the idea of an amplifying wave sweeping its
way through the system and is called a convective instability.
As is often pointed out, what actually happens is frame
dependent so that what is absolute in one frame will be
convective in another frame. Nevertheless, as Lifshitz and
Pitaevskii [35] point out “there is always a preferred frame
in an experiment” (sic), so instability is still a very important
question no matter what frame any experiment is performed
within. In the example to be given in the next section, such
a saddle point is identified, and it occurs at k = 0, i.e. at
a zero of the dispersion equation. Besides this, there is an
essential singularity associated with the |k| — o pole of
the dispersion equation [35]. It is important, therefore, to
determine both the k = 0 roots and the |k| — oo poles of
the dispersion equation yielded by split-ring-resonator/wire
types of metamaterial.

Materials based on a regular (periodical) structure of
metaparticles will be considered here. As follows from the
analysis of absolute instability, a number of possibilities for
such an instability occur for periodic systems. In practice,
a beam may be entered into the system that has a limited
extension, say, along the x-axis. In Fourier space, therefore,
such a beam covers all the wave number range from k = 0 to
k = oo including wave numbers corresponding to the funda-
mental resonance of a periodic system, for which kd = +,
where d is the spatial period. These are special points in k
space, leading to absolute instability. Unfortunately, beam
propagation is associated with Fourier components in the
tails of the spectrum and access both resonance (kd = 1)
and |k| = oo regions. Instability connected with the pole of
the dispersion equation [35] can also be created, when |k”|
becomes very large, while || is finite, where k', k" are, re-
spectively, real and imaginary parts of the wave number.
Therefore, the instabilities discussed above have to be taken
into account. Note also that even for a small amplitude of
the Fourier component of a beam, in the range of intrinsic
resonance of the system, namely, kd = =7, absolute insta-
bility can develop, if the system is used for a linear spatial
amplification of a beam for a long enough time.

A sketch of the three main types of possible spe-
cial points that determine the type of instability is shown
in Fig. 9.

1_ k —> 0 Wavelength excitation —» 0O . .
Figure 9 (online color at:

2. kd =4y Fundamental resonance www.|pr-journal.org) Pos-
oyt sible types of absolute in-
3 kd| —>o0 Kd-finite [k"d|—> stability in a periodic sys-

tem with period d.

The task now is to find a nice presentation of these in-
stability points and to find a means of suppressing them. In
order to do this, an analysis will be developed of a trans-
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mission line, because this permits the selection of all three
kinds of instability points.

4.2. Active elements/active media characteristics

One of the concepts employed here, is that the creation of
stable gain for electromagnetic waves propagating through
an active metamaterial, needs a frequency-dependent con-
ductance g(w), where ® is an arbitrary, possibly complex,
frequency. The discussion here is restricted to nongyrotropic
and reciprocal media, so it is possible to use the most popu-
lar amplifying devices, such as supercritical Gunn diodes,
or transistors, that may lead to an absolute instability. In-
stead, subcritical Gunn diodes [79, 81-83] are used. The
natural result is a lower output power and efficiency com-
pared to supercritical diodes [82], but, nevertheless, they
can provide spatial gain and convective instability and there-
fore an absence of absolute instability [35, 36,79, 81, 83]
for active metamaterials. The point is that if the “host me-
dia”, a transmission line, in this case, does not possess the
property of nonreciprocity [1,36], so the condition for the
absence of absolute instability can be fulfilled with subcriti-
cal diodes that do not have “intrinsic instability”. The latter
shows itself as spontaneous oscillations in the circuit that
include only diode and load resistance, and in particular, in
the limit of zero resistance [79,81,82]. It is possible to show
that, qualitatively, this requirement corresponds to the fre-
quency dependence of a complex diode conductivity, having
the form

g() = goe'? /{1 +i[(0® — @) /(0A®)]},  (5)

¢ (0) =Re(g(w)), ¢"(0)=Im(g(w)),
—T< Q< T,

g0 <0,

where A® is a bandwidth, @y is a constant and g’'(®) and
g"(w) are real and imaginary parts of conductance, respec-
tively. The phase value ¢ = 7 is excluded, to preserve
the negativity (in some frequency range) of the real part
of the conductivity. A detailed search for possible stabil-
ity/instability will now be presented. The denominator of
g(w) vanishes whenever

iAw+ 1 /40% — Aw?
6)

2

W =

and the imaginary parts are positive, for small enough Aw.
This provides for the absence of absolute instability, con-
nected with such “special” points. The phase value ¢ =0
corresponds to the coincidence of the frequency points as-
sociated with a change of sign of the imaginary part of
conductivity and maximum of an absolute value of its real
part [79]. Note that the case ¢ = —m/2 corresponds quali-
tatively to the resonant behavior of g(®) described by the
model of subcritical diode presented in [77]. If ¢ = —7/2
then, from Eq. (5), the real and imaginary parts of the con-

ductivity become

o (@ 0p) / (0n0)]
=80 5~ D
{1+ (02~ a3) / (020)]}
Im(g(w)) = ¢"(w)
=—g [ {1+[(@-@}) /(@s0)]’} . ®

In this case, |g(®)’| has a maximum equal to |go|/2 at the
(real) frequency

!

wza)maxzwo—ATw, )
if Aw < wy Aw determines the effective frequency band-
width, where g(®)" < 0 and gain may be possible. Hence,
the main result for the consideration of instability for meta-
materials with active metaparticles, loaded with active el-
ements, with conductivities described by dependences in
the form of Egs. (7) and (8) is the exciting possibility of
overcoming absolute instability and the creation of an active
metamaterial, where the spatial gain is possible.

4.3. Modeling linear active metamaterial

A type of transmission line that gives a dispersion character-
istic analogous to that of metamaterials based on split-ring
resonator is proposed in [12], and we use the equivalent cir-
cuit of the same type here, as shown in Fig. 10. The interpre-
tation of the elements of the equivalent circuit is explained
in the caption to Fig. 10. The question of where to introduce
the active element (diode) into the transmission-line cell
is not a straightforward one to answer. A choice has been
made here, however, by adding it in parallel with C,, R and
L,.: thus placing it in the resonant part of the circuit. The
form of g(w) selected corresponds to the Egs. (7) and (8).

: 2Cj2 | ! 202 '
L2 r“—‘i I |_0—| L,/2 i
: ol lom M

© ! o Liz [} |1 ] LJ2 ' ©
@ | =

202, o o gi2 122
L 2R _;|L_2R______ i
Yo, é} c,
o e e O

Figure 10 (online color at: www.lpr-journal.org) Equivalent (sym-
metric) T-circuit representing the unit cell of a 1D transmission-line
with a width (period) d, and loaded with an active diode. C,,L,,R
are the equivalent components to those that describe the split-
ring resonator. L,Cy, L account for the dielectric background
and the wires. The unit cell operates in the transmission line as a
frequency-dependent impedance, Z(®) and an admittance, Y ().

www.lpr-journal.org

© 2010 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



LASER & PHOTONICS
REVIEWS

10

A.D. Boardman et al.: Active and tunable metamaterials

The imaginary part of diode conductivity could include
also a specific “static” capacitive component [79, 84], but it
can be included into the element C; of the equivalent circuit
in Fig. 7 and not considered here. The time and space varia-
tion assumed here is exp(i[@? — kz]), where z points along
the transmission-line This type of frequency dependence
could be provided, if necessary, with a dedicated external cir-
cuit. Z(®) /2, the impedance of each of the symmetric hori-
zontal parts of the T-circuit, is determined by the elements
L1/2,C/2,L,[2,2R,, g(w)/2.Y (w), the admittance of the
vertical part of the T-circuit, is determined by the elements
Ly, C,. In fact, as can be appreciated from a transmission-
line representation of free space, Z (the impedance) and
Y (the admittance), for any transmission line, are propor-
tional to the effective magnetic permeability and effective
dielectric permittivity, respectively.

For the transmission line T-circuit, shown in Fig. 10,
since the value of d is finite, the dispersion equation is

F(w,k) = cos(kd) —1—-YZ/2=0. (10)

Note that in the longwave regime, kd << 1, and this corre-
sponds to the standard form for the metamaterials approxi-
mation of continuous media, the dispersion equation then
becomes

(kd)? = -YZ. (11)

As discussed in Section 4.2, possible sources of abso-
lute instability, are the saddle (bifurcation) points in the
complex-wave-number plane and the essential singularities
k — oo (poles) in either of the dispersion equations given
by Egs. (10) and (11). The discussion of how to locate pos-
sible instabilities will now be given, briefly, below, but it
is worth commenting upon the specific condition k — oo,
because this seems to be impossible to reach, in a real sys-
tem. The condition |k| ~ 5 is a reasonable restriction, at this
stage, for |k|. Nevertheless, determining the possibility of
the existence of “poles” in the dispersion equation will yield
qualitative and quantitative information about the possible
onset of absolute instability before this physical transition to
short-wavelength behavior occurs. Consider now the “spe-
cial points”, connected with possible instabilities, including
“saddle points” and “poles”.

4.3.1. Saddle points

These points occur in the complex wave number plane
in which k = &’ +ik” and, in general, for complex fre-
quency, whenever,

F(w,k) =0, (12)

from which emerge the roots kd =0, Y (®w)Z(®w) = 0 and
kd = —m,Y(w)Z(w) = —4. It is interesting that this regime
is defined by k' < 0 with a positive group velocity, i.e.
negative-phase behavior. The complex roots @ of these equa-
tions yield the “special (absolute instability) points” from
the sign of their imaginary parts, while @” = Im(w) < 0
corresponds to the presence of absolute instability [35, 36].
Hence, the branch points in the complex frequency plane
are locatable.

IF 9k =0,

4.3.2. Poles of the dispersion equation

The large wave number limit corresponds to poles of k(®)
and, therefore, to poles of ¥ (®) and Z(w). They can be
found in a straightforward way from an analysis of the
lumped elements displayed in the circuit shown in Fig. 10.

Using the equivalent circuit shown in the Fig. 10, it is
possible to show that each of the expressions for Y (), Z(®)
could be presented as a ratio of polynomials. The pole of Y
corresponds to @ = 0, where the effective conductivity is
positive and does not lead to absolute instability. To avoid
absolute instability, it is necessary to find locations of the
roots of the polynomials in the ratio defined by Z(®). All the
roots must lie in the upper half-plane of “complex ®” [35-
37,74]. This applies not only to the numerator, but also to
the denominator of the expression for Z(®), because poles,
corresponding to |k| — oo could also be sources of absolute
instability [35]. Instead of using laborious methods of direct
investigations of the polynomials roots [18, 85], we apply
here the method of perturbations that is valid, in particular,
for ¢ = —m/2 and g(w) is taken in the form of Egs. (7) and
(8) in the case

13)

oL, Aw 1
~ oL K —XK1, o= .
R aoL:|go] o, r T.C,
Analysis of the saddle points (see Egs. (12)) and large com-
plex wave number (Jk| — o) (poles) imposes the condition
upon the diode conductance necessary for the absence of
absolute instability and presence of gain, namely

1/R(1+4S.) < (=go) < (1+S)(1/R), (14
S = min (Ssaddleaspole) .

The values Spole, Ssaddle and Sx are not presented in detail
here. Spole and Sgaadle correspond to the poles of k(®) and
the saddle points of the dispersion function F(w, k), respec-
tively. Note that special points connected with poles of g(®)
do not lead to absolute instability. This is possible to show
using Eqgs. (6), (7)(7), (8) and (13). The right-hand side of
the inequality (14) determines a condition of absence of
absolute instability, while the left-hand side of this inequal-
ity (including the value S,) determines the possibility of

amplification, at least at the frequency o, where |g(®)'|
reaches its maximum value.

Previous analytical results are obtained for the partic-
ular media described by the equivalent circuit shown in
Fig. 10 and conductivity in the form of Egs. (7)(7) and (8)
(with ¢ = —x/2). Consider a metamaterial described by
the equivalent circuit shown in Fig. 10 with a conductivity
belonging to a rather wide family described by Eq. (5) (with
—T < @ < 7). The discrete sets of all special points, in-
cluding saddle points of the dispersion function, and poles,
namely @y, @ty -+ vy Opgyqe AN Oppole, Mpoles - - - 5 Opre>
respectively, which are assumed to be close to the axis Re @.
This is the case, when conditions similar to Eq. (13) are satis-
fied and losses/gain are small enough. Here nsaqdie, Mpole are
total numbers of roots (saddle points) and poles, respectively.
Once these are determined, then an ordered unification of

© 2010 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

www.lpr-journal.org



Laser Photonics Rev. (2010)

REVIEW ARTICLE

11

Ordered set of real parts of special points
(saddle points and poles)

!

' ! ! 1
0,0, Oy 0y @' Pry Oy @
Vil
~

Frequency region, where system
possesses spatial gain

Figure 11 (online color at: www.lpr-journal.org) Ordered set of
special points (saddle points of dispersion function (Eq. (12)) and
poles of wave number) and region of frequencies (denoted by the
arc), where the system is active (spatial amplification is present).
It is supposed that losses/gain are small enough, the method of
perturbation is valid, and that all special (frequency) points are
lying close to the real axis of the complex frequency plane. By
means of a proper choice of parameters (such as @y and Aw),
provision of the frequency (o,'nax is assumed (corresponding to
the maximum of the absolute value of real part of the conductivity
g()) and the whole frequency interval (shown by the arc), where
spatial amplification is present, belongs to the range of negative-
phase behavior.

the two sets, namely, ©, @5, ..., ®,_, O, 0, Oy, Where
N = nsaddie +npole (Fig. 11) can be constructed. Any special
point connected with the pole of g(®) should have positive
imaginary part (see, for example, Eq. (6)), and in this case,
absolute instability would not be connected with such a spe-
cial point. Therefore this type of special point is excluded
from further consideration and the constructed set of points
o/, =1,...,N. Suppose that frequency, corresponding to
a maximum value of the (negative) real part of diode con-
ductivity g(®)', is ®,,,. The frequency @/, . can be located
either to the “left”, to the first frequency point of the set of
special points, @, < wi, or to the “right”, to the last point
of this set, @}, > a);v, or between two neighboring fre-
quency points @y, and @;_,, belonging to this set. Consider

the case @, < a)rlmx < @y, (the result is qualitatively the

same also for other possible cases of location of a);nax). Even
if a more general equivalent circuit is used than that shown
in Fig. 10, it is always possible to connect some resistance R,
for example, in parallel with the conductively of the active
element, to control its “effective conductivity” g'(®') + .
The (finite) bandwidth Aw, conductivity go and resistance
R can be selected in such a way, that the value g'(®') + %
is negative only in the range of frequency, centered at o/ ,,,
denoted by the arc in Fig. 11, and lying entirely inside an
interval (@, @)

Suppose also that the frequency a);nax and the frequency
interval (shown by the arc in Fig. 11), where the “effective
conductivity” of the active element together with the par-
allel resistance is negative, are located inside the range of
negative-phase behavior. This can be provided easily by
means of proper choice of parameters, such as @y and A®.

At the same time, it is possible to show, in the framework
of applicability of this perturbation method, that the imag-
inary parts of the set of special points are proportional to
the corresponding values of “effective conductivities” and
are positive, @;" ~ (g’(a)l’) + Rir) >0,/=1,...,N. These
values are positive because, as was noted previously, for
chosen parameters, all “special points” lie close to the axis
of “real ®” and outside the region, where “effective conduc-
tivity” is negative, shown by the arc in Fig. 11. The positivity
of all ]’ provides an absence of absolute instability and
therefore, a possibility of spatial gain [35,36]. This is an im-
portant qualitative result. Note also that when the values of
gain/losses are small enough, a presence of gain/losses does
not destroy “negative-phase behavior”, at least in a narrow
enough range of frequencies shown by the arc in Fig. 11.
Therefore the media still also possesses the property of
negative-phase behavior. In fact, in the present investigation,
it required only the following rather general properties of
the “host media” and active elements: (a) an active element
must not possesses “intrinsic instability”, in other words the
pole of g(®) has positive imaginary part, (b) g(®) is nega-
tive only in a restricted range of frequencies, determined by
some parameter Aw (c) the set of saddle points and poles
is discrete. (d) a smallness of loss/gain and applicability
of the method of perturbation. (e) a range of frequencies
exists with negative-phase behavior that is compatible with
a spatial gain, and a proper choice of the parameters. The
proposed approach based on the fulfillment of the condi-
tions (a)—(e) of spatial amplification is qualitatively valid
for a wide class of active media with negative-phase behav-
ior, and the active metamaterial described by the equivalent
circuit in Fig. 10 and Eqgs. (7) and (8) is only one particular
object, belonging to this class. This approach can be used
not only for analysis, but even for a “construction” of new
active metamaterials with negative-phase behavior.

Numerical results presented here are obtained for the me-
dia described by equivalent circuit shown in Fig. 10 with an
active element, and the conductivity is described by Eqs. (7)
and (8) (with ¢ = —7/2).

In Fig. 12 the ranges of normalized conductivity G =
|go|@xL;, existing between lower and upper curves (corre-
sponding to the left and right parts of the inequality (14),
respectively) are shown as a dependence upon relative band-
width Aw/ ;. The lower curve, determining this range, im-
plies a minimal normalized conductivity G = |go| ;L that
is necessary at least to compensate losses at the frequency
point @/,,,, where the absolute value of the (negative) real
part of the conductivity reaches its maximum. The upper
curve determines the maximum possible value of conductiv-
ity G = |go| ®;Ly, which is still compatible with the condition
of the absence of absolute instability. It is interesting to note
that (under selected parameters) in the case ¢ = —7/2 a
maximum possible value of G(Gax, Fig. 12) is determined
by the roots (branch point) corresponding to k'd = —,
while in the case ¢ = 0, the corresponding limit of G is
determined by the root (branch point) k'd = 0.

In Fig. 13, the frequency dependences of the real and
imaginary parts of the normalized wave number are shown,
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Figure 12 Ranges of normalized conductivity G = |go|®rL; cor-
responding to the spatial amplification in dependence of relative
bandwidth Aw/ e for the case ¢ = —x/2. Values Gmin and Gmax
correspond to the left and right parts of the inequalities (16),
respectively.

as a function of frequency, normalized with the value
@ = 1/4/C;L;. The curves are generated using the circuit
shown in Fig. 10 and the conductivity g(®) defined earlier.
Dispersion is computed using the method of perturbation,
when relations (13) and the condition |k'| > |k”| are valid.

A rather wide class of active media and a rather gen-
eral approach for analysis and/or even “construction” of
new such media is proposed here. For such media, a spa-
tial amplification (with k”d > 0) is achievable in the range
of negative-phase behaviors with V;V;, < 0, where V;; and
Vpn are respective group and phase velocities of the elec-
tromagnetic waves in a metamaterial. An equivalent circuit
based upon split rings is relevant to frequency windows
that range well into the infrared. The concept of absolute
and convective instability can also be extended to include
optical frequencies.
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The paper now turns towards some particular forms of
amplification, nonlinearity and system tunability. The first
involves a superheterodyne method.

5. Superheterodyne amplification in active
layered metamaterial structures in the THz
or infrared frequency ranges

The principle of superheterodyne amplification is the para-
metric transformation of amplification from a lower to an
upper frequency band, under the condition that some def-
inite linear mechanism of amplification in the lower band
exists. This principle was first proposed [86, 87], for am-
plification of acoustic waves in a piezosemiconductor and
electromagnetic waves in active media, and for amplifica-
tion of magnetostatic waves in ferrite layers [88]. It has
been proposed [89, 90] that the transformation of a linear
amplification of a space charge wave [42,43] in n-GaAs
film to an electromagnetic wave should take place through a
(nonlinear) parametric mechanism. Either bulk n-GaAs or a
two-dimensional electron gas can be used in a layered semi-
conductor structure. Superheterodyne amplification, there-
fore, can be applied, in principle, for electromagnetic waves
in quantum metamaterials [91]. Here, it is proposed that an
application of this principle be developed for the amplifica-
tion of backward electromagnetic waves in metamaterials,
in the THz or the IR ranges. The waveguide geometry is
shown in Fig. 14.

In order to be specific, only electromagnetic waves in
IR range will be considered. For this simplified considera-
tion symmetrical layered structure of Fig. 14, with GaN-and
metamaterial layers, it is assumed that the “GaN” layer has
the same properties as n-GaN without any detailed consider-
ation of the real geometry of GaN layer(s), which includes,
in fact, a substrate and “active n-GaN”.

Given that GaN is placed in the region —/ < x </, and
that metamaterial occupies the regions x >/ and x < —I,
antisymmetric electromagnetic modes are considered. A sta-
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Figure 13 Dependences of real (a) and imaginary (b) parts of normalized wave number on normalized frequency (@ = 1/+/C/L;) for
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Figure 14 Geometry of superheterodyne amplification of electro-
magnetic waves interacting with a space charge wave (SCW) in a
metamaterial/GaN/metamaterial structure. An amplified electro-
magnetic wave (signal) with frequency @, is launched at z = 0,
and an electromagnetic pump wave is launched with frequency
w1 >y at z =L (L is the length of the system). A SCW with fre-
quency Q = o — @, (Q < ) ) is excited in the system (up from
the level of noise) due to parametric coupling. Ej is an external
constant applied electric field.

tionary (DC) electric field Ey is the source of amplification
in the GaN, in the negative differential conductivity region,
and is directed along the z-axis. Data is adopted to model
this near-infrared regime, which means choosing an oper-
ating frequency of the order of @ ~ 10°s~!. In addition,
the values selected for the relative electric permittivity and
relative magnetic permeability of the metamaterial(s) are
€~ =2, u~ —0.2, respectively. The data for the GaN layer
are & ~ 5, 21 = 0.8 uym. In such a system backward (with
oppositely directed phase and group velocities) antisymmet-
ric (relatively to the x axis) electromagnetic waves, with the
TE(H)-wave components (H,,Ey, H;), can propagate. Also,
an effective overlap of the transverse profiles of antisym-
metric electromagnetic modes and space-charge waves is
now possible.

The phase-matching conditions corresponding to
Fig. 14 are

0 — 0 =Q,
|k1] + |k2| =K,

as)
(16)

where ), k1 » are the frequencies and wave numbers of
backward electromagnetic waves 1, 2, respectively and Q,K
are the frequency and wave number of the space-charge
waves, under the conditions @; > @, > Q. The choice of
signs in Eq. (16) corresponds to the directions of the corre-
sponding wave vectors shown in Fig. 14, so that the wave
numbers of the electromagnetic waves with smaller fre-
quency (wave 2) and space-charge waves are codirectional,
while wave numbers of electromagnetic waves 1 and 2 are
contradirectional. Only the form of the coupled equations
is presented here for the amplitudes of the electric fields
of electromagnetic waves (E| ) and the concentration of
space-charge waves (U), under the condition

Q< a,. a7

Hence, the basic equations governing the whole process are

JE JE
7;—|Vg|7;=—ﬁeEzU—aeEla (18)
OF JF .
DLV S = BRI — By, (19)
oU .
a7 +V,?T(7/ = ﬁuElEz + ayU, (20)

with coupling coefficients B, B, loss coefficient & and
linear gain oy > 0. The value of ay is proportional to the
absolute value of negative differential conductivity of a semi-
conductor [89,90] (n-GaN in the case under consideration).
Without entering into detailed calculations, it can be
concluded that there is an important difference between
possible mechanisms of amplification in positive-phase and
negative-phase media. In positive-phase media [89], the su-
perheterodyne mechanism implies that the electromagnetic
wave 2, with lower frequency, is a pumping wave (with finite
input amplitude), while the electromagnetic wave 1 (with
larger frequency) is amplified. In this case, in the approxi-
mation of the constant pumping, an exponential dependence
of amplified wave amplitude on the system length is ob-
tained. In the negative-phase media, the situation changes
markedly. Specifically, for negative-phase media, the opti-
mum coefficient of amplification along with an exponential
dependence of the amplitude of the amplified wave upon the
system length is achieved when the pumping derives from
electromagnetic wave 1, while the electromagnetic wave 2
with the smaller frequency, @, < @y, is amplified. Using the
conditions in Eq. (16) and the geometry in the Fig. 14, in
this case, an amplified wave (2) is launched into the system
at z = 0, while pumping wave is launched at z = L.
Evaluating the amplification of quasistationary space-
charge waves in a thin GaN film, gives, for a carrier con-
centration in n-GaN of ng = 2 x 107 cm~3, and a thickness
of the GaN film equal to 0.8 um, can be carried out us-
ing a constant electric field Ey = 150kV/cm, a maximum
spatial increment for space-charge waves occurs at a fre-
quency f = w/(2m) ~ 200GHz yielding approximately
K"~ 1.5%x10*cm™!. For @y ~ (0.5-1) x 10571, an ef-
fective amplification is of the order of magnitude ~ 100 can
be achieved for an electromagnetic wave where L <~ 1 mm
and using a pumping wave power ~ 10 MW/cm?. Such a
power is quite possible in a pulsed regime for GaN, in partic-
ular with a pulse duration less than 1 ns [92]. It is interesting,
that, as has been previously shown [93], excitation of very
high-frequency (f = 30-200 GHz) hypersonic waves is pos-
sible due to coupling with amplified space-charge waves of
millimeter range in GaN films. This provides a perspective
for applications in the field of high-frequency acoustic meta-
materials. Finally, on the basis of these estimations it can
be concluded that superheterodyne amplification of electro-
magnetic waves in the IR range in a layered system with
layers of n-GaAs and metamaterials can be very effective.
A number of interesting linear scenarios for dealing with
gain in metamaterials have now been given, together with
an important stability analysis. It is appropriate at this point,
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therefore, to examine nonlinear metamaterials in order to
measure how active control can also be introduced into
their manipulation.

6. Nonlinear and tunable metamaterials

The discussion up to now has not only centered upon linear
metamaterials but has avoided a specific discussion of tun-
ability. This section is designed to open up an investigation
of these issues. Dynamic control tunability means deploying
external features, or signals, designed to have accessible and
adjustable characteristic properties. For example, could tun-
ability in metamaterials be achieved through tailoring their
electromagnetic properties to be dependent, specifically, on
external optical, mechanical, electric or magnetic factors or
control signals.

On the level of applications, on the other hand, tunable
metamaterials offer unprecedented opportunities because
a metamaterial structure, being artificial, can be designed
with flexible designs that offer a strong degree of control for
any intended operation.

A major step towards active and tunable metamaterials
was made with some early research on nonlinear metama-
terials [94, 95]. The relevance of these studies is driven
by the numerous possibilities of exploiting the nonlinear
processes for control of electromagnetic radiation, realiza-
tion of tunable devices, harmonic generation and numerous
applications [96]. The latter range from radio waves to the
optical frequency window. The key is the insertion of nonlin-
ear devices (diodes, for example) into a metaparticle [94], or
using elements in nonlinear host media [95], accessing dis-
tinct nonlinear phenomena [18,27,97-101]. They often have
a very important common feature, namely, nonlinearity con-
nected with a field in a gap of metaparticles. For example,
split-ring resonators show this feature very strongly under
resonant conditions [23]. More recently, progress is being
made towards electrically tunable, mid-infrared metamateri-
als [102]. The latter, once again, used split-ring resonators,

resonance tuning

u T T T T T T T T T T T T T
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
pump field, arb. units

but they are deposited upon doped indium antimonide, and
the tuning is effected with the application of an external
voltage to control the carrier density. Equally interesting,
for the near-infrared, is the use of Ag split-ring resonators,
patterned upon VO, [103]. The vanadium oxide enables
frequency tuning from 1.5 pm all the way up to 5 um.

Nonlinear metamaterials, however, open up a spectacu-
lar route to a wide variety of tunable and active metamateri-
als. The use of nonlinearity addresses quite different issues
to the recent work on tuning that has just been discussed. In
this case, tuning possibilities have been theoretically anal-
ysed for three-dimensional, nonlinear metamaterials [104],
just based upon microwave implementation. However, since
the general principles remain the same, provided that a
qualitatively similar nonlinearity mechanism is accessible,
scaling to higher frequencies is possible. A variable capac-
itance nonlinearity, for example, can be used for resonant
frequency tuning (Fig. 15a), enabling efficient transition be-
tween transmission, reflection and absorption in the vicinity
of resonance. On the other hand, variable resistance nonlin-
earity offers broadband transmission modulation through
effective resistance modulation (Fig. 15b).

The first experimental advances involving a nonlinear
approach to tunable metamaterials were reported for the
microwave frequency range [44, 105-107], because it is
much easier to implement the required design and assess the
performance. All of this work shows that some very basic
phenomena can be observed. The question is whether any
real scaling to higher frequencies is possible.

One step forward towards this goal involves a split-ring
resonator containing a varactor [106], and as will be seen
below, a resonance frequency shift can be achieved that de-
pends upon the energy of the electromagnetic radiation. This
is a beautifully efficient means of actively controlling the
transmission and reflection of a metamaterial [100]. Hence,
nonlinear tunability opens up a way to efficient remote con-
trol over metamaterial properties.

In addition to the above, certain success has been
achieved with a one-dimensional implementation of meta-
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Figure 15 (online color at: www.lpr-journal.org) Tunability in nonlinear metamaterials provided with different types of nonlinearity, with
variable capacitance insertions allowing for resonance frequency shift (left; shown for various varactor characteristics), and variable
resistance insertions enabling extremely sensitive absorption tuning (right; shown for various backward diodes), as achieved with

varying pump wave intensity.
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materials based on microstructured transmission lines [108],
with particular emphasis on highly integrated components.
This permits the miniaturization needed to reach the THz
frequency range. Indeed, a number of specific applications
in engineering have also been further suggested for the
transmission-line approach [109-113], but, unfortunately,
this does not provide a clear road map to the optical fre-
quency window. It is possible to go further with these devel-
opments and try to implement switches within metamaterial
elements [114] even if it is challenging to create then in
practice, even for microwaves.

Another promising way for the active control over meta-
material properties arises from the use of liquid crystals
with wire media [115, 116], exploiting the ease of reconfig-
urable anisotropy of their arrangement upon application of
an external electric field. The resulting reorientation of the
liquid-crystal molecules in the vicinity of wires imposes a
controllable change in the dielectric environment, varying
the effective permittivity of the whole metamaterial quite re-
markably.

Although a lot of experimental results quite often ex-
plicitly refer to microwaves, they are, however, scalable to
higher frequencies as long as the required design methods
and material characteristics remain adequate. The natural
limitations occurring for circular resonators, closer to the
optical part of the spectrum, are mostly due to the difficul-
ties of obtaining measurable magnetic response, resonance
frequency saturation and increased dissipation when the size
of metallic structures enters the scale of tens of nanome-
ters [46]. A new approach to split-ring type resonators at
high frequencies [117] is available and may enable a wide
variety of tunable and active metamaterial design in the fu-
ture.

Generally speaking, the major pathway to tunability of
metamaterials includes:

(1) Modification of a basic element of the composite
structure, e. g. a split-ring resonator, or a cut-wire pair. Us-
ing microwaves as a paradigm for possible scaling to the
THz and infrared, achieved by introducing a varactor diode
as an externally, or nonlinearly, tunable element. This leads
to a shift of the split-ring resonator frequency, and for a
composite structure, to either magnetic or electric (or both)
response by changing the incident power [44, 106,118, 119].
(2) Selection of a tunable substrate supporting the lay-
ers of elements, such as split-ring resonators. Note that
specific properties of the substrate achieve the tunable re-
sponse of the whole structure [120-122]. Similarly, the sub-
strate may change its properties under external illumina-
tion. (3) Control of metamaterial properties through engi-
neering the structure geometry which modifies near-field
coupling between the elements, the so-called structural tun-
ability [123, 124]. As discussed earlier, the possibility of
controlling the effective parameters of a metamaterial us-
ing nonlinear response of the split-ring resonators has now
some provenance [94,95,104], and more recently these ideas
been implemented in a novel type of nonlinear tunable struc-
tures [107, 125]. A similar approach can be employed for
creating nonlinear electric metamaterials [126]. It must be
acknowledged, however, that such methods become increas-

ingly difficult to implement at higher frequencies. Some
other approaches developed very recently employ an anal-
ogy with natural materials that demonstrate different proper-
ties depending on their specific crystalline structures [124].

Even given these remarks, some of the tuning mecha-
nisms discussed here can be suitable for scaling towards
optical wavelengths. Based upon this philosophy, an ac-
count will be given of what will be called nonlinear electric
and nonlinear magnetic metamaterials using the resonant
conditions of a split-ring resonator modified by adding the
capacitance of a varactor diode in series with the distributed
capacitance, or by introducing an additional gap into which
a varactor is placed. The series application of the diode
provides a simple mechanism for both tunability and nonlin-
earity suited to the formation of metamaterials, particularly
for magnetic thin-film and microwave nonlinear material de-
velopments. The symmetry and simplicity of such systems
also lends itself to greater integration, allowing the struc-
ture to be translated more readily to the THz and optical
frequency domains.

6.1. Nonlinear magnetic metamaterials

Nonlinear magnetic metamaterials operating at microwave
frequencies can be fabricated by modifying the properties
of split-ring resonators and introducing varactor diodes in
each element of the composite structure [44, 106], such
that the whole structure becomes dynamically tunable by
varying the amplitude of the propagating electromagnetic
waves. In this way, it can be demonstrated that the power-
dependent transmission of the magnetic metamaterials at
higher powers [107, 125], as suggested theoretically [95],
and it is possible to realize experimentally the nonlinearity-
dependent enhancement or suppression of the transmission
in dynamically tunable magnetic metamaterial.

There is a power-induced shift of the magnetic reso-
nance due to the action of varactor diodes that are introduced
into split-ring resonators. It can be measured by observing
the transmission of a magnetic metamaterial for different
values of the input power. The results show that, by selecting
an operational frequency near to the resonance, a dynamical
change of transmission properties of the metamaterial, by
varying the input power, is obtained.

If the parameters of a metamaterial vary and cross the
boundary between positive and negative values of the effec-
tive magnetic permeability, the structure properties such as
transmission will be switched as well, so that the material
itself will change from opaque to transparent. The intensity
of electromagnetic waves generated by a point source is
nonuniform, so that a shift of resonances of individual split-
ring resonators is inhomogeneous inside the metamaterial
structure. The resonators closer to the source will experi-
ence stronger fields and thus only the central part of the
metamaterial becomes transparent. The experimental results
reveal a narrow aperture of the beam emerging from the
metamaterial [125]. In the same metamaterial sample, the
opposite effect can be observed, when, at the high-frequency
side of the resonance, the transmission is suppressed by the

www.lpr-journal.org

© 2010 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



LASER & PHOTONICS
REVIEWS

16

A.D. Boardman et al.: Active and tunable metamaterials

nonlinearity. While the metamaterial is transparent for low
powers, the growth of the wave amplitude makes a part of
the metamaterial opaque, thus preventing the radiation from
progressing through the sample.

6.2. Nonlinear electric metamaterials

Given that the nonlinear shift of the resonance results for a
very strong nonlinear magnetic response for split-ring res-
onators, a similar approach can be used in the design of
nonlinear electric resonators, in order to obtain a strong
nonlinear electric response [126], but this time two per-
pendicular sets of boards are deployed [126]. These are
introduced to create a relatively isotropic response. Within
each resonator, an additional gap is introduced where a
varactor diode is placed, introducing an additional series
capacitance in order to tune the resonant frequency. The
transmission response shows that for the lowest incident
power, there is negligible tuning of the response by the inci-
dent wave. Hence, the transmission response in this case is
essentially linear.

The higher-frequency mode does not shift its frequency
with a change of the incident power. This mode consists of
two current loops flowing in the same direction, thus their
magnetic dipole moments add constructively. As the accu-
mulated charges across the gaps have opposite directions,
this results in a vanishing electric dipole moment. As there
is no net current through the central conductor, the nonlinear
response of the varactor diode does not come into play.

The nonlinear transmission exhibits a significant nonlin-
ear response. In the case of the boards being perpendicular
to the direction of propagation, the higher-frequency mag-
netic stop-band does not exist. This is due to the symmetry
of the fields across the gaps and the lack of any magnetic
field component normal to the rings. Both resonances are
noticeably modified in the isotropic configuration compared
to when they are measured separately. This is likely to be
due to the strong electrical interaction between the nearest-
neighbor boards in the orthogonal directions, due to their
gaps being in close proximity. Hence, exploiting nonlinear
electric metamaterials offers quite a different option to the
magnetic metamaterial case.

6.3. Structural tunability of metamaterials

Finally, a novel approach for efficient control of the trans-
mission characteristics of metamaterials based on structural
tunability is discussed. In fact, the concept is rather general,
and it is applicable to various metamaterials as long as the
effective medium description is valid.

An anisotropic metamaterial is considered based, again,
on split-ring resonators, with the expectation of scaling
towards to optical. For sufficiently dense arrays, the interac-
tion between the elements differs considerably from a dipole
approximation, and the specific procedure to calculate the
effective permeability was developed earlier [127]; the latter
converges correctly to a Clausius—Mossotti approximation

in the sparse lattice limit. Consequently, the effect of mutual
coupling is enhanced dramatically as compared to conven-
tional materials, and therefore it is particularly suitable to
demonstrate the efficiency of lattice tuning.

The most straightforward lattice tuning approach is to
vary the lattice constant b. It was shown [127] that the
resonance frequency can be impressively shifted in this
way, and this prediction has been confirmed by microwave
experiments [123]. Accordingly, a slab of metamaterial can
be tuned between transmission, absorption and reflection
back to transmission. A clear disadvantage of this method
is that varying b significantly would imply a corresponding
change in the overall dimension of the metamaterial along
Z, which might be undesirable for certain applications.

A recent paper [124], discusses the basic principles of
structural tuning, by changing a periodic lateral displace-
ment of layers in the xy plane, so that the resonators become
displaced along x (y, or both) by a fraction of the lattice
constant 8a per each b distance from a reference layer with
respect to the original position. This decreases the overall
mutual inductance in the system and leads to a marked grad-
ual increase in resonant frequency, with a maximal effect
achieved for a displacement by 0.5a. Clearly, any further
shift is equivalent to smaller shift values until the lattice
exactly reproduces itself for the shift equal to a. As a con-
sequence, resonance of the medium can be “moved” across
a signal frequency, leading to a drastic change in transmis-
sion characteristics. It is clear that for practical applications
it is not even necessary to exploit the whole range of lat-
eral shifts — in the above example it is sufficient to operate
between 0.1a and 0.3a where most of the transition occurs.

As experimental proof of concept, a small reconfigurable
system is shown in Fig. 16 using GHz frequencies. To min-
imize undesirable bianisotropic effects, bound to single-
split rings, the boards are assembled so that the gaps are
oppositely oriented in adjacent layers (see Fig. 16 (left)),
resembling the logic of broadside-coupled split-ring res-
onators [128].

The experimental transmission spectra, shown in Fig. 16
(right), demonstrate excellent tuning of the resonance fre-
quency. Furthermore, comparison of the experimental res-
onance shift with the theoretical predictions shows [124]
that the experimental system demonstrates even higher effi-
ciency. This effect can be explained by accounting for mu-
tual capacitance between the resonators, which is neglected
in our theoretical calculations. Indeed, for the broadside-like
configuration of rings, mutual capacitance between them is
distributed along the whole circumference [128]. Clearly,
when the resonators are laterally displaced, the mutual ca-
pacitance decreases, so that this effect is added up to the
increase of resonance frequency imposed by decreased in-
ductive coupling.

Recently, reconfigurable THz metamaterials have been
discussed [129], in which split-rings with cantilever legs
have been used to create the building blocks (unit cells) of a
metamaterial with a view to generating an important struc-
tural response to an applied current or even some change
in the ambient temperature. All of this work illustrates how
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Figure 16 (online color at: www.lpr-journal.org) Left: Schematic of one of the realizations of the lattice tuning concept in metamaterials.
Right: Experimental transmission in a waveguide with metamaterial slab at different shifts. Broadside-coupled orientation of layers.
Curves with dips from left to right correspond to increasing lattice shift.

much opportunity modern technology is providing for meta-
material manufacturers.

7. Conclusions

In the present review, active and tunable metamaterials are
considered. The compensation of losses with gain, and in-
voking tunable control are aspects of active media that may
be connected with either linear or nonlinear media and spe-
cific devices. Both linear and nonlinear regimes have their
advantages and ranges of applicability.

Loss compensation in metamaterials is a crucial step
toward their practical applications. Several promising ap-
proaches to loss compensation in metamaterials, and espe-
cially negative-phase metamaterial, have been proposed the-
oretically including optical parametric amplification (OPA)
and the addition of gain materials. The properties of many
metamaterials critically depend on surface plasmons, how-
ever, so these are also discussed. Absorption in metals
causes damping of localized surface plasmons (SPs) and
also propagating surface plasmon—polaritons (SPPs). This
loss can be conquered by optical gain in a dielectric medium
adjacent to a metallic surface, or by deploying special nanos-
tructures. The gain discussed here is created by optically
pumped dye molecules that, in the vicinity of a silver film,
for example, partly emit to the SPP modes. The results of
this work pave the way to numerous, acceptable, nanopho-
tonic applications of nanoplasmonics and metamaterials,
which otherwise would suffer from strong damping caused
by absorption loss in metal constituents, if no action is taken.

A new principle for metamaterials is superheterodyne
amplification involving parametric transformation of ampli-
fication from a lower to an upper frequency band, provided
that some definite linear mechanism of amplification in
the lower band can exist. Such a superheterodyne mecha-
nism is very effective for the transformation of gain from
slow quasistatic space-charge waves in GaN at THz fre-
quencies to backward electromagnetic waves in the infrared
range, propagating in layered metamaterial-semiconductor
(GaN) structures.

Negative-phase nanocomposites [130] in the optical
range can possess relatively large losses. Therefore, ques-
tions concerning the compensation of losses and even am-
plification of electromagnetic waves in active metamaterials
using the different principles of amplification, outlined in
the present paper need to be addressed and now become
very important for applications in the optical range.

New concepts of active linear metamaterials based on
active metaparticles, loaded with active devices are dis-
cussed here, implying the possibility of spatial amplifica-
tion/convective instability of electromagnetic waves and
therefore the absence of absolute instability. This develop-
ment draws attention to a special class of characteristics
for active devices and a recipe for choosing their param-
eters. This provides for the possibility of spatial amplifi-
cation, which is achievable, in particular, in the range of
negative-phase behavior. Conditions for the absence of ab-
solute instability do not reduce, in any additive manner, in
the corresponding conditions for separate active particles,
because dispersion characteristics of a medium as a whole
have an overriding importance. Instead, a wide class of ac-
tive materials and a rather general approach for analysis,
and/or even “construction” of new forms of them is pro-
posed.

The review also shows the possibility of design of active
tunable metamaterials. Tunability can be achieved through
tailoring their electromagnetic properties to be dependent
on external optical, mechanical, electric or magnetic factors,
or control signals. In particular, tunable and nonlinear meta-
materials operating at microwave frequencies, can exhibit
either nonlinear magnetic, or nonlinear electric, response
at microwave frequencies, and they can be created by intro-
ducing, for example, a varactor, or backward-wave diode
as an externally tunable and nonlinear element within each
resonator of the structure. By engineering a resonance of
the split-ring resonator, it is possible to modify the averaged
response of the composite structure making its parameters
dependent on both the external bias and incident power. A
novel approach is discussed for an efficient tuning of the
transmission characteristics of metamaterials through a con-
tinuous adjustment of the lattice structure, i.e. structural
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tunability. Finally, even though some of the tuning mech-
anisms discussed concern applications in the microwave
range, it is asserted that they are eminently suitable for
scaling upwards to THz, infrared and optical wavelengths.
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